Abstract: Considering the portfolio selection problem in emerging markets which constantly face a serious shortage of information, the single-stage method of interval analysis can estimate assets income, assets risk, and approximate ranges of assets liquidity. However, it is difficult to evaluate flexibly and accurately assets income, assets risk, and approximate ranges of assets liquidity for multi-stage investment portfolio. In this paper, a novel quantum optimization model was applied to interval analysis method for multi-stage investment portfolio. Firstly, the multi-period investment portfolio selection models are designed by using inequalities equations of interval coefficients. Secondly, to solve the multi-stage investment portfolio constraint, the quantum mechanics is used along with an adaptive strategy designed to determine the best particle`s positions for a better global position. Finally, the proposed constrained linear programming is validated by a practical example. Also, various decision-making factors were analysed for multi-period investment portfolio strategies which are compared with existing fuzzy portfolio selection models.
Introduction
The multi-period investment portfolio is focused on solving the allocating investors' wealth at hand reasonably, achieving a stable and rapid growth in capital investment and controlling the investment risks. Traditionally, the rebalancing problems of the portfolio during the investment period are not taken into consideration. It is assumed that investors will purchase a certain portfolio in their initial investment stage and hold it to the end of the investment period (Achour & Rezg, 2007) . However, in real life situations the investor will constantly rebalance the capital (that is buys and sells assets) in order to consider the portfolio issues as a multi-stage or dynamic adjustment process. In order to make their model be closer to the stock market situation, many scholars have expanded the portfolio optimization model into a multi-stage investment scenario under the single case of random uncertainty, taking consumption, taxes, transaction costs, inflation and other factors into consideration (Rădulescu & Rădulescu, 2015) . Detemple (2014) formulated the mean-variance portfolio selection model as a two-standard optimization problem with the continuous time. The goal is to maximize the expected return on the terminal and minimize the variance of the terminal wealth. Forsyth et.al. (2012) , study a continuoustime version of the proposed Markowitz meanvariance portfolio selection model and a market consisting of one bank account and multiple stocks is analyzed. The Markov regime conversion financial market was studied as a generalization of the model for individual investors with random liabilities (Kolm et.al., 2014) . Dang, et.al., (2016) investigate the continuous-time meanvariance portfolio selection problem such as all market coefficients are random, and the wealth process under any acceptable trading strategy is not allowed to be below zero at any time. In Markowitz's portfolio selection model, the variance is replaced by a semi-variance. To that, a period portfolio option is extended to multiple periods. Yang et. al., (2015) originally proposed and developed a multi-cycle semi-variance model. The hybrid genetic algorithm (GA) is used to solve the multi-period and semi-variance model by using the displacement strategy of particle swarm optimization (PSO) as the mutation operation. Solving the multi-stage combinatorial optimization problem is a very challenging task due to its nonlinearity and its high computational time consumption. A number of heuristics have been employed to solve this problem. Zhang, et.al., (2012) propoesd a new particle swarm optimization algorithm, called drift particle swarm optimization algorithm and applied it for solving multi-stage combinatorial optimization problems.
In all the above-mentioned portfolio selection models, it is assumed that the investors are facing random uncertainty, ignoring the vague uncertainty in the financial market. These models assume that the historical data on the assets from the financial market are available. However, sometimes due to the rapidly changing financial market the historical data may not be available. Liu et. al., (2013) , study the concept of interval numbers and uses it to extend the classical mean-variance portfolio selection model with consideration of transaction cost to meanvariance-skewness model using fuzzy set theory. In addition, the future financial market is defined by three different models, pessimistically and in the combined form to model the fuzzy meanvariance-skewness portfolio selection problem. Aouni et al.( 2014) investigate several uncertain portfolio selection issues, where asset returns represented by interval data are discussed. Since the parameter is an interval value, the returned gain is also an interval value. The concept of the mean-absolute deviation function accordance with a two-level mathematical programming model is applied to compute the lower and upper limits of the investment returns of the portfolio selection problem. Using the dual theorem and applying the variable transformation technique, the twolevel mathematical program is converted into a traditional single-level mathematical program and the interval returned by the portfolio, which would cause problems for the math program, is solved. In addition, the probabilistic methods are used to detect the uncertainty in the financial market, and to determine the probability distribution of risk assets. However, the probability distribution function is often very difficult to predict accurately. Even if it is accurately predicted, it cannot guarantee that the return on assets follows this distribution. Many studies proposed the artificial intelligent in portfolio selection such as using the fuzzy mathematics. However, the study on the multi-portfolio problem is still in the exploratory stage. The investment time period decisions is always a multi-stage cases in the real market, so investors need to constantly adjust portfolios to achieve their investment intentions.
Since the proposed models are all programming models containing interval coefficients, the usual approach is to convert them into clear type models for the solution. In order to solve the proposed multi-period investment portfolio selection models, the interval programming method is used.
In this paper, the research is conducted by adopting interval analysis method, and establishing four optimized multi-period investment portfolio selection models. In the first section, the multiperiod investment portfolio selection models are designed by using inequalities equations of interval coefficients. The concept of possibility for denoting the inequality relationship of the interval numbers, and convert the interval coefficient inequality constraints involved in modelling into clear type inequalities is used. Secondly, the quantum particle swarm optimization algorithm is modelled for solving the converted models. Finally, in the experimental results, the actual data is used to analyze each decision-making factors and compare the existing selection of portfolio strategy with the proposed model.
Multi-Period Investment Portfolio Selection Optimization Model of Interval Coefficient
In an emerging market, as the historical information available to investors for reference is rather limited, it is usually very hard for investors to accurately provide precise values for the securities return. Under such conditions, investors can rely only on their own expertise and experience as well as on their sense of the market in order to estimate its rough fluctuation range.
Under the above-mentioned conditions, this paper will utilize interval analysis method. Suppose that the return, risk and liquidity securities are all interval numbers. At the same time, suppose there are n kinds of securities in the securities market available for transaction, and investors holding initial capital enter the market to plan an investment decision-making activity with a period of T. To facilitate expression, relevant symbols involved in this paper will be described first: 
For transaction cost function, the commonly seen V function can still be used for expression, i.e. the total transaction cost of period t stock portfolio can be expressed as:
The net income of period t stock portfolio after deducting transaction cost can be expressed as: 
In Eq.(4), the terminal wealth that investors can get after T investment can be expressed as:
( 
To simplify description, the upper and lower limits of terminal wealth can be expressed as:
In addition to securities return, risk and skewness, liquidity of securities is also a key factor affecting investment decision. The measure of the liquidity of securities is important, being one of the key indicators reflecting the quality of the market operation. The so-called liquidity of securities refers to the quantity or amount of securities which can be bought or sold under current price situation or under lower price volatility circumstances. In actual investment decision-making process, illiquid securities will cause delays in the transaction, which in turn will cause investors to lose profit opportunities. Therefore, investors tend to select securities with good liquidity to invest on. The securities turnover rate is used to measure the liquidity. The securities turnover is assumed to be an interval number, and the securities turnover rate of the i-th type of securities of period t is marked as ( , ) ( , ) ( , ) [ , ]
. Thus, the turnover rate of period t stock portfolio is
The degree of securities diversification is another factor which affects investment decisions. Decentralized investment can reduce nonsystematic risk of the securities portfolio. The entropy ratio is used to measure the degree of portfolio diversification. Thus, the diversification of period t stock portfolio can be expressed as
In real life, an investment decision-making activity is often affected by many factors. Different investors take different decision-making factors into consideration. In order to simulate investing activities under different decision-making situations, this paper considers the rate of return, risk, liquidity, diversification of the portfolio and other factors, and formulates the following four different multi-period portfolio selection models of investment. The present analysis is based on the interval analysis.
Model 1:
Let's suppose investors consider portfolio returns and risk as decision-making factors. The investor requires the expected portfolio returns of each period must to be greater than a given level. Another requirement is that the portfolio risk of each period must be lower than a given level. Under the above constraints, the investor seeks to find an investment-portfolio strategy which can maximize the portfolio terminal wealth. Thus, the following interval return-venture (RV) selection model of multiperiod investment portfolio selection ( 1
established. This formulation should be also used below for the similar sentences in the description of Models 2, 3 and 4.
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Model 2: Based on Model 1, it is assumed that the investor also requires portfolio liquidity of each period to be greater than a given level. Thus, the following return-venture-liquidity (RVL) multi-period investment portfolio selection model ( 2 P ) is established, in which t l represents the investor's minimum required level on the liquidity of period t stock portfolio.
Model 3:
Based on Model 1, the impact of multi-period stock portfolio diversification on the investment strategy is considered. Thus, the interval return-venture-entropy (RVE) multi-
is established as follows: .,
in which e t represents the investor's minimum required level of the diversification of period t stock portfolio.
Model 4:
It assumed the investor considers all the factors involved in the three above-mentioned models. Thus, the interval return-venture-liquidityentropy (RVLE) multi-period investment portfolio selection model ( 4 P ) is established as follows: . 
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Note that the above four investment-portfolio models are all interval programming method problems. The interval number in the objective function represents the investor's gain of uncertain terminal wealth in his investment on the portfolio as follows: To simplify the notation, in the following discussion, the feasible domains of ( 1
In order to solve the objective function with constraint conditions by using multi-period investment portfolio selection models, the four models are transformed into the parameter planning problems, which are noted by ( P with interval coefficients, the interval coefficient inequality in the constraint condition indicates that this condition does not require strict fulfilment, which allows relaxation to a certain extent. Due to the partial order structure of interval number, usually there is no optimal solution in the classical sense.
The four models must be firstly converted into relevant clear-number type models. For all the interval coefficient inequalities in
P , ' 3 P and ' 4 P , a more frequently used approach is to convert inequalities containing interval number into clear-number type inequalities for the solution. This paper uses the possibility degree formula of interval number relationship to solve these interval inequality constraints.
For interval constraint inequalities
Three above-mentioned interval coefficient inequalities can be separately converted into following clear-number type inequalities (Jiang et al., 2008) . Based on an order relation of interval number, the uncertain function is transformed into two deterministic functions, in which the robustness of design is considered. Through a modified possibility degree, the uncertain inequality and equality constraints are changed to deterministic inequality constraints. 
where
represents the investor's acceptability on terminal wealth, period t portfolio return, and period t liquidity's degree of meeting the given standard.
For interval coefficient inequality
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By substituting Eqs. (9), (10) and (12) 
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Particle Swarm Algorithm Based on Quantum Behavior
Particle swarm algorithm based on quantum behaviour refers to the best position that particles have experienced and, respectively, to the best position that all particles in the community have experienced. A new model of Particle swarm optimization (PSO) algorithm is used to improve the standard PSO from the perspective of quantum mechanics. This model is based on the DELTA potential well, believes particles have quantum behaviours, and based on this model, quantum particle swarm optimization algorithm (Alam et al., 2011) based on quantum behaviours was proposed. In quantum space, particles searching is available in the whole feasible solution space, thus Quantum-behaved particle swarm optimization (QPSO) algorithm is much better than the standard PSO algorithm in overall searching performance (Liu S. T., 2011). QPSO algorithm describes the state of the particles with waving function ( , ) x t ϕ and obtains the probability density function of particles occurring at some point in the space by solving the Schrodinger equation. Then the equation of the particle's position is obtained through the Monte Carlo stochastic simulation as follows:
where u is a random number distributed
. The final evolution equation of the QPSO algorithm is:
where M is the number of particles in the community, D is the number of particles' dimensions, u and φ are uniformly distributed Due to its three characteristics, quantum particle swarm optimization can overcome the shortcomings of general particle swarm optimization in terms of convergence performance: (1) quantum systems have more states than linear systems. (2) The quantum system is an indeterminate system, and the particles have no clear trajectory. (3) In the PSO algorithm, the particles must be within a limited search range to ensure that the particle swarm clustering makes the algorithm converge at the best point or the local best point. In the PSO algorithm, a particle search range is limited, while in the QPSO algorithm particles can appear at a certain probability in any position of the whole feasible search space, even in a position far from the point.
The standard QPSO is not represented by the constraint mechanism, and therefore, it proves to be difficult to directly solve constrained programming problems. QPSO with constraint mechanism can be described by focusing on the following aspects:
-In order to control the evolution positions of the particle, a constraint factor υ was introduced in the position equation
-In order to satisfy the constraint equation 
-Similarly, Gbest can also be processed.
Experimental Results
Since the stock market is the aggregation of buyers and sellers of stocks, which represent ownership claims on businesses, it's usually difficult to accurately estimate the return, risk and turnover rate of securities. To reduce the complexity, the investor selects four stocks from X Stock Exchange, and an analysis on the basis of the historical data of the weekly transaction's closing prices dating from January 2011 to January 2017 is conducted. For processing and analyzing these historical data, the investment period is set as a constant and the interval estimation method is used to compare with the proposed model, which was proposed by Bhattacharyya and Majumder (2011) . In addition, to maximize terminal wealth expectations, it is better to consider the different period returns separately. Some investors may use their asset allocation on various periods. In this comparison, the period is set as 3 to reduce the complexity. Then, the return, turnover and covariance are obtained as shown in the followings in Tables 1, 2 Convergence is an important characteristic of a stochastic optimization algorithm. In the Menger space, the fixed point theorem of the QPSO algorithm has proven that the algorithm converges to the global optimum in probability (Bhattacharyya & Majumder, 2011) . To analyse the convergence and evaluate the efficiency of the proposed algorithm, the period P" 4 model has been set as a sample with 150 iteration times. The absolute Figure 1 illustrates the results of different contraction coefficients comparison generated by β=0.96, 0.98 and 1.00. This means that for QPSO the convergence rate is faster than one of the PSO algorithm. With β increasing, the rate of convergence increases for these three values. It is proved that the convergence of the function value is relatively difficult when the size is increased. For analysing the different particles population comparison, two groups of experiments were performed, one with population size M = 100, the other with M = 200. It should also be noted that for a given problem, when M = 200, the convergence speeds are larger than those when M = 100 in Figure 2 .
However, it cannot be concluded that a larger population size results in a greater rate of convergence because the rate of convergence also depends on other parameters. Smaller population sizes may cause lower dimensional problems to converge faster, but when the dimensions are higher, the algorithm may encounter premature convergence. It can be inferred that when population size is increased to a certain number the convergence rate may exceed the convergence rate.
The algorithm parameters are as follows: inertia β=0.98; accelerating factor c 1 =c 2 =1.49618; maximum number of iterations Gmax=1000, population size pop_size=200. Then, the Matlab optimization software for computing and the optimal investment strategy corresponding to each model after 1000 times of iterations will be used as seen in Table 4 . According to the investment strategies in various situations in Table 4 , the multi-period portfolio's income, risk and the generally fluctuating range of liquidity corresponding to each investment model can be estimated.
The investment portfolio optimization problems in the emerging markets are related to the situation of insufficient information. It is supposed that investors can roughly estimate the security returns, risks and liquidity fluctuation ranges.
The interval numbers are used to describe the uncertainty in the stock market. Four different multi-period portfolio selection models have been divided into 3 periods. The multi-period optimal investment strategies in various decisionmaking situations are shown in Table 4 . The portfolio income interval, portfolio risk interval, liquidity interval and terminal wealth interval can be found within each investment period in each decision-making model, as shown in Table 5 . In order to demonstrate the efficiency of the multiperiod investment portfolio selection model, the investor's expected terminal wealth indicators are applied to the comparison of the proposed multi-period model and the computation model of (Bhattacharyya & Majumder, 2011) . The expected terminal wealth increment comparison between two models has been presented in Figure  3 . The expected terminal wealth increment i.e. the net income is expressed by the absolute difference between the expected terminal wealth and corporate initial wealth ( 0 W ). In addition, it indicates the investor's expected terminal wealth by the midpoint of portfolio terminal wealth. In Figure 3 , the expected terminal wealth increment is 0.022364 in the computation model (Bhattacharyya & Majumder, 2011 Figure 3 , the expected terminal wealth increment is 0.029027 in the computation model (Bhattacharyya & Majumder, 2011 Figure 3 , the expected terminal wealth increment is 0.031722 in the computation model (Bhattacharyya & Majumder, 2011 Figure 3 , the expected terminal wealth increment is 0.030041 in the computation model of Bhattacharyya and Majumder. For all the problems mentioned above ( 1 P , 2 P , 3 P , and 4 P ), the net income is obviously lower than the one proposed in the multi-period model, as it can be seen in Figure 3 . Thus, the proposed multi-period model is more efficient for obtaining the expected terminal wealth increment in comparison with the computation model (Bhattacharyya & Majumder, 2011) . Due to the introduction of possibility degree indicator, the investor's preferences on terminal wealth, multi-period portfolio income, risk, liquidity, and diversification level are more specific. By adjusting the possibility value of constraint validity of coefficient inequalities on each interval, the investor is enabled to accomplish his investment purpose. easy to find that the liquidity and diversification level of portfolio have a great impact on investment decision making factors; models which focus more on the liquidity and diversification of investment will be more effective than models which only focus on income and risk.
Conclusion
Interval numbers are a special kind of fuzzy numbers, and intervals are powerful tools for dealing with uncertainty problems. Especially, when parameters of the probability density function cannot be obtained because of the lack of enough experimental data, the interval programming method is more practical than the analysis method of probability theory. The interval programming method is not only vague, i.e., the lack of sharp class boundaries, it also has a feature of uncertainty i.e., the lack of information can be addressed intuitively. This paper conducts the research about the multi-period investment portfolio selection problem in a booming stock market suffering of serious lack of information, fully considers decision making factors such as portfolio return, risk, liquidity and diversification level, and applies to interval number programming method to describe the uncertainty of the abovementioned decision making factors. The investor experience can approximately estimate the interval range of portfolio income, risk, liquidity and his market instinct. The interval programming method is used to argument according to these investment-portfolio optimization issues. Before modeling, some relevant interval number theories are involved. This paper conducts the adopting interval analysis method, and establishes four optimized multi-period investment portfolio selection models by using the concept of possibility of denoting the inequality relationship of interval numbers. The constrained linear programming method converts the interval coefficient inequality constraints involved in modeling into clear type inequalities. Furthermore, because the particle swarm optimization algorithm is not efficient for the constrained linear programming and for a global convergence, the strategy of a double exponential distribution and an adaptive method to sample particle's positions is designed for multiperiod investment portfolio selection models with interval analysis. Finally, the proposed model is tested and compared with each decision-making factor's impact on the selection of portfolio strategy. The experimental results show that, at a certain acceptable level of possibility, taking into consideration the investment diversification and the impact of liquidity will lead to a greater terminal wealth than the one obtained considering only the income and risk factors. Compared with the existing portfolio strategy, if the investor is dissatisfied with the investment strategy obtained, multi-period investment portfolio selection can be used to get optimal personal investment strategy by adjusting acceptability level value.
